Let X denote the circle T or the interval [-1,1], and let dp denote a nonnegative, absolutely continuous measure on X . Under what conditions does the Gram-Schmidt procedure in the weighted space L2(X, co2 dp.) depend analytically on the logarithm of the weight function col In this paper, we show that, in numerous examples of interest, log co e BMO is a sufficient (often necessary!) condition for analyticity of the Gram-Schmidt procedure. These results are then applied to establish the local analyticity of certain infinitedimensional Toda flows.
Introduction
Let X denote the circle T or the interval [-1 ,1 ], let dp be a nonnegative measure on X which is absolutely continuous with respect to Lebesgue measure, and let L(0) denote the complex Hubert space L (X , dp). Let co be a nonnegative ¿//¿-measurable function on X such that co + co G L (X , dp) and let ß = log co ; clearly also ß e LX(X, dp). Let L(ß) denote the complex 2 2 weighted Hubert space L (X ,co dp) and, for each nonnegative integer «, let Hn(ß) denote the closure of the polynomials (in the case X = T, trigonometric polynomials) of degree at most « in L(ß). Let Sn(ß) denote the orthogonal projection of L(ß) onto Hn(ß). We wish to study the dependence of the family of operators (Sn(ß):n G N) upon the functional parameter ß . Each Sn(ß) is a bounded operator on L(ß), which varies with ß, so to facilitate our study,
we "lift" each operator Sn(ß) to L(0) by means of the operator Mw of pointwise multiplication by co, which is an isometry from L(ß) to L(0). If we define, for each nonnegative integer «, the operator Qn(ß) = MwSn(ß)M~x, then we see that the L(0)-boundedness of Qn(ß) is equivalent to the L(ß)-boundedness of Sn(ß), and the operator norms are equal. In fact, Qn(ß) is easily seen to be the self-adjoint projection of L(0) onto MwHn(ß) ç L(0). We would like to determine conditions on ß under which the family of operators (Q"(ß)) depends analytically (in a sense to be made precise) upon the functional parameter ß. In the specific examples which we consider, it is difficult if not impossible to write down the operators Sn(ß) and Qn(ß) explicitly. On the other hand, the "base projection" Sn(0) is an integral operator whose kernel is comparatively easy to write down. Rather than study the operators (Qn(ß)) directly, it is much more convenient to work with the family of operators (Pn(ß)) defined by (!•!) Pn(ß) = Mo>Sn(0)M-i.
For each nonnegative integer « , Pn(ß) is an oblique (i.e., non-self-adjoint) projection from L(0) onto MwHn(ß) Ç L(0), and its adjoint, Pn(ß)*, is simply Pn(~ß)-A remarkable formula due to Kerzman and Stein ([8] ) shows that, in fact, (Q"(ß)) depends analytically on ß whenever (Pn(ß)) depends analytically on ß . Moreover, the analytic dependence of (P"(ß)) upon ß is essentially equivalent to a uniform weighted norm inequality of the form (1.2) f \Sn(0)f(x)\2co2(x)dp(x) <C f \f(x)\2co2(x)dp(x)
Jx Jx where C is a constant independent of « and /. In addition, we would like to determine the "space of uniform holomorphy" for the family (Qn(ß)), i.e. the largest Banach function space on which the family (Qn) is analytic at the origin. In practice, this amounts to determining necessary and sufficient conditions on the function ß such that (1.3) jx \[MB ,Sn(0)]f(x)\2dp(x) <C j \f(x)\2dp (x) where Mß is the operator of pointwise multiplication by ß , and C is a constant independent of « and /. Our work in this paper has been inspired in part by the related work of Coifman and Rochberg in [2] , and by questions arising from the study of Toda flows in infinite dimensions (see, for example, [4] ).
In this paper, we consider a number of examples. In the case X = T, dp = d8 , the uniform weighted norm inequality (1.2), and the uniform commutator estimate (1.3) , are equivalent to the same inequalities with Sn(0) replaced by the conjugate function. In this simplest example, the space of uniform holomorphy for (Qn(ß)) is easily seen to be the space of functions of bounded mean oscillation on T. In the case X = [-1 ,1], dp = Lebesgue measure weighted by a Jacobi weight, the uniform weighted norm inequality (1.2) follows from a weighted norm inequality for the Hubert transform. In this case, we prove that (Q"(ß)) depends analytically on ß when ß is in a neighborhood of 0 in the space BMO([-l , 1]). As an application of this result, we show that the Toda flow corresponding to the measure co(x) 'dp(x) on [-1,1] is analytic in t in a neighborhood of the origin provided that ß e BMO([-1 ,1]).
We conjecture that BMO( [-l ,1] ) is the space of uniform holomorphy for (Qn) in the case where dp = Lebesgue measure weighted by a Jacobi weight.
We consider the example X = [0, n], dp = dd, Sn = nth partial sum operator for cosine series, and show that, in this example, BMO ([0, n] ) is the space of uniform holomorphy for (Q") ■ From this result it is immediate that the conjecture is true for dp(x) = (1 -x )~ ' dx. Classical equiconvergence results for Jacobi series and cosine series (see [10] ) suggest that the conjecture is probably true in general.
2. Uniform analyticity of projections: General setting -y Let (X , dp) be a o -finite measure space; set L(0) = L (X , dp). Suppose that co is a nonnegative real-valued function such that co +co G LXoc(X , dp). We write ß = logo» and observe that ß e LXoc(X ,dp). Let N denote the set of nonnegative integers, and suppose that for each « e N, Hn (0) is a closed subspace of L(0). We assume that L(0,ß) = L2(X ,(co2+ co~2)dp) is dense in L(0) and Hn(0 , ß) = L(0, ß) n Hn(0) is dense in Hn(0), for each « e N. We define the spaces: L(ß) = L2(X,co2dp), 27\ß) = bounded linear operators on L(ß), Hn(ß) = closure of //"(0, ß) in L(ß), for each « e N. We assume that the foregoing are complex Hubert spaces. For each « e N, let Sn(ß) e 77? (ß) be the selfadjoint projection of L(ß) onto Hn(ß). We wish to study the dependence of the operators (Sn(ß):n e N) upon the functional parameter ß. To facilitate our study, we "lift" each operator Sn(ß) back to 27(0) by means of the operator Mw of pointwise multiplication by co, to wit: for each « e N, define Qn(ß) = MwSn(ß)M~x. Then Qn(ß) is the self-adjoint projection of L(0) onto M^H^ß) C L(0), and \\Q"(fi)\\*m^\\snm¿?m.
We would like to formulate a clear conception of the "analytic dependence" of the family of operators (Qn(ß):n e N) upon the functional parameter ß . To this end, we make the following definitions.
Definitions. Let B be a real Banach space, 27(H) the space of bounded linear operators on a complex Hubert space //. For « e N, let Tn:B -> 27(H) be an operator-valued function on B .
(a) (Tn: « e N) is said to be uniformly (real-) analytic in a neighborhood of 0 in B if and only if there is a constant C > 0 such that, whenever b G B with \\b\\B < C and whenever / e H, we have
where An k is a bounded, (k + 1 )-multilinear operator from Bk x H -> H which satisfies an estimate of form
where C0 is independent of b ,f ,n , and k .
(b) Let B denote the complexification of B. (Tn: n e N) is said to be uniformly holomorphic in a neighborhood of 0 in B if and only if there is a neighborhood of 0 in B to which each Tn can be extended, and there is a constant C > 0 such that, whenever b G B with \\b\\B < C and whenever / e H, we have (2.1 ) and (2.2) with 'B' in place of \B'.
(c) B is called the space of uniform holomorphy at 0 for the family (Tn: « e N) if and only if (Tn) is uniformly holomorphic in a neighborhood of 0 in B and a necessary and sufficient condition for (2) (3) sup||ABil(ô,-)||^ (W) to be finite is that b G B.
We pause to observe that the operator An k(b , ... ,b ,•) occurring in (2.1) is just the zcth Gâteaux (or Frechét) differential of Tn at 0 in the direction b (see, for example, [1, Chapter 2] ). We give one equivalent formulation of the notion of uniform holomorphy in terms of Gâteaux differentiability, which will be useful in practice.
Proposition 2.1. Let B be a complex Banach space, 27(H) the space of bounded linear operators on a complex Hubert space H. For « e N, let Tn: B -> 27(H) be an operator-valued function on B. Then (Tn) is uniformly holomorphic in a neighborhood of 0 in B if and only if there exists a neighborhood U of 0 in B on which each Tn is Gâteaux differentiable and there exists a constant C such that for all « e N and for all ß e U, \\Tn(ß)\\^(H) < C.
Proof. The proof is an easy modification of the proof of Theorem 2.3.3 of [1] and will be omitted. D
We can now formulate our general problem precisely, as follows: we wish to identify the space of uniform holomorphy at 0 for the family (Qn: n G N). In practice it is often difficult to characterize the projections Sn(ß) and Qn(ß) ; it is much more convenient to work with the operators (Pn(ß): « e N) defined by (2) (3) (4) Pn(ß) = M(üSn(0)M-X.
For « e N, P"(ß) is an oblique projection from L(0) onto MwHn(ß) with adjoint Pn(ß)* = P"(-ß). The formula of Kerzman and Stein (see [8, §3.4] ) makes it possible to deduce the uniform holomorphy of (Qn) from that of (Pn), and greatly simplifies the computation of the Gâteaux differentials of the operators (Qn) : Proposition 2.2 (Kerzman-Stein Formula). Let H be a complex Hubert space, K a closed subspace. Let Q be the self-adjoint projection of H onto K, and let P be a bounded oblique projection from H onto K. Then:
(a) I + (P-P*) is invertible.
(b) Q = P[I + (P-P*)]-X; (c) whenever c0 and M are positive constants with \\P -P*\\ < c0 and M > \(Cq-1), the series
MI-(P-P*) M+l converges in the operator norm topology to Q.
Proof. The operator P-P* is skew-adjoint, so its spectrum is purely imaginary.
In particular, -1 is not in the spectrum of P -P*, from which (a) follows.
Clearly QP = P and PQ = Q. Now let h e H and let (-|-) denote the inner product on H. We have (2.6) (QP*h\h) = (P*h\Qh) since Q* = Q = (h\PQh) = (h\Qh) since PQ = Q = (Qh\h) since Q* = Q.
Hence QP* = Q ; consequently (2.7) P = Q + (P -Q) = Q + (QP -QP*) = Q[I + (P -P*)]
V\i-1
whereupon we obtain (b).
It is tempting to expand [I + (P -P*)]~l in a Neumann series, but we do not know that \\P -P*\\ < 1. Instead we proceed as follows. For any constant M > 0, we have (2.8) I + (P -P ) = I + MI -[MI -(P -P )]
Recall that, if S* = S, T* = -T, and ST = TS, then ||5+F||2<||5||2 + ||F||2.
Thus
(2.9) MI-(P-P*) l+M *n2 M¿ + \\P-P " M2 + 2M+1 which is less than 1 provided \\P-P*\\ < 2M+1, i.e., M > {-(\\P-P*\\ -1),
In particular, if M > i(c2 -1), we see that (2.10) 
\M+l [ l+M J J may be expanded in a Neumann series to give (2.5). D
We obtain, as an immediate consequence, the following:
Corollary 2.2.1. With (Pn) and (Qn) as in the foregoing discussion, let B be a real Banach function space on (X ,dp) suchthat (Pn) is uniformly holomorphic in a neighborhood of 0 in B. Then (Qn) is uniformly holomorphic in a neighborhood of 0 in B. D
The mappings Pn may be extended to complex-valued functions in a straightforward way: if ß = a + ib is complex valued, we define, for « e N, In light of these calculations we obtain Corollary 2.2.2. Let B be the complexification of a real Banach function space B on (X ,dp), and suppose that (Pn) is uniformly holomorphic in a neighborhood ofO in B. Then: In practice it is frequently the case that the base projections (Sn(0)) are given by integration against a kernel. In this case, the uniform holomorphy of (Pn)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in a neighborhood of 0 may be reduced to the problem of obtaining a uniform weighted norm inequality for the base projections. This is a consequence of the following general result: Proposition 2.3. Let B be a real Banach function space on (X, dp). Let (Kn(0):n G N) be a family of integral operators in ^(0), and suppose that, for all « e N, there exists a kernel Dn(x ,y) such that, for f e L(0) and xgX , (2.17) {Kn(0)f}(x) = f Dn(x,y)f(y)dp(y). is true. By virtue of the fact that, for all a e B, the operator of multiplication by e'a is an isometry of L(0), it is clear that (b) continues to hold with '2?' replaced everywhere by 'B'. Thus, by Proposition 2.1, it suffices to show that each Kn is Gâteaux differentiable in a common neighborhood of 0 in B. Our proof follows an idea of Coifman, Rochberg, and Weiss (see [3, §2] ; see also [5, Chapter 4, Note 7.12]).
For ß G B, f G L(0), and x G X we have (2.19) {Kn(ß)f}(x) = f exp(ß(x) -ß(y))Dn(x ,y)f(y)dp(y).
Jx If a G B, then the first Gâteaux differential of Kn at a in the direction ß is given by
}Dn(x ,y)f(y)dp(y).
Now let a,ß G B with ||a||B < ÔJ2 and \\ß\\B < (ÔJ2) -\\a\\B. Thus the family of operators {Kn(ß):n eN, ßGB,\\ß\\B<öx} is "pointwise bounded" on L(0). Then (a) follows from the principle of uniform boundedness. D
Uniform analyticity on the circle
In this section we apply our work in §2 to the case of trigonometric polynomials on the circle, T. We parametrize T by the interval [-n , n), and let
, where dd is ordinary Lebesgue measure. Let co be a nonnegative weight function on T such that co + co e L (T), and write ß = log co. For each integer k, define the function ek by ek(d) = e We define, for « e N, the space We shall show that, in this example, the space of functions of bounded mean oscillation on T is the space of uniform holomorphy at 0 for the families (Pn) and «2">.
We adopt the convention that / is a subinterval of T if and only if it is a subinterval of [-n , n) in the usual sense, or it is the union of an interval of the form (c ,n) or [c ,n) with an interval of the form
The function b is said to have bounded mean oscillation on T if and only if the quantity
is finite, where the supremum is taken over all subintervals / of T. The space BMOÇT) of real-valued functions (modulo constants) having bounded mean oscillation on T is a Banach space with || • 1^ as its norm. For ease of notation in this section we shall refer to BMO(T) as simply BMO ; its complexification will be denoted by BMO.
To begin, we shall show that (Pn) is uniformly holomorphic in a neighborhood of 0 in BMO, from which it follows that the same is true of (Qn), by Corollary 2.2.1. By Proposition 2.3, the uniform holomorphy of (Pn) in a neighborhood of 0 in BMO is equivalent to a uniform estimate of the form (3.9) l|F"(/?)||^(0) < C0 for all ß G BMO with ||/f||, < ÔQ , where C0 , S0 are constants independent of « .
We can, in fact, characterize the weight functions co = eß for which , we see that MWP+M~X e 27(0) if and only if co2 G A2 (see [7] ). Now note that the 27(0)-norm of MwP+Mw depends upon the A2 constant of co ; so by the proof of Proposition 3.1, we obtain (3.9), from which the corollary follows, o Next, we would like to show that BMO is actually the space of uniform holomorphy at 0 for (Pn) and (Qn). A simple computation shows that / -25n(0) is an isometry of L(0) for each « e N ; so, by Corollary 2.2.2, it suffices to show that ß e BMO is a necessary and sufficient condition for boundedness of the set {\\[Mß ,Sn(0)]\\^{0): « e N} . We have the following: Proposition 3.2. There exist constants C, , C2 > 0 such that for all ß e LX(T),
Proof. The existence of C2 with the desired property follows from the fact that (Pn) is uniformly holomorphic in a neighborhood of 0 in BMO. Therefore it suffices to prove that there exists a constant p > 0 such that, for all ß < L1 (T), 
Consequently, by (3.5) and (3.19), 
Now suppose / is a subinterval of T which is also a subinterval of [-n , n) in the ordinary sense, and let y/0 denote the ordinary midpoint of /. (If / is a subinterval of T comprising two disjoint subintervals of [-n ,n), we need to make minor adjustments to the argument.) Now, we write co2yÂ(x) = (l-x)7(l+x)S.
Our basic Hubert space is
and we shall denote the orthogonal projection onto polynomials of degree < « in Ly g(0) by Srn' (0). We shall make a small multiplicative perturbation of
co ¿(x)dx by a nonnegative weight function co = e , where
The corresponding Hubert space is
This orthogonal projection onto polynomials of degree < « in L g(ß) will be denoted by Syn'3(ß). Setting is the space of uniform holomorphy at 0 for the families (Qyn' ) and (Py ' ) whenever y , ô > -1 . In fact, we shall show that (Qyn ' ) and (Py ' ) are uniformly holomorphic in a neighborhood of 0 in BMO([-l ,1]) whenever y,ô>-\. We pause to remark that the operator Syn ' (0) is the «th partial sum operator for Jacobi series with parameters y , S ; it is an integral operator whose kernel may be expressed in terms of the Jacobi polynomials {PJf ' \x): n G N), which form an orthogonal polynomial system in L ó(0) (see [10, Chapters 3 and 4] ; see also [9] ). Making use of Christoffel-Darboux formulas for Syn' (0), it is possible to reduce the problem of obtaining uniform weighted norm inequalities for Syn ' (0) to that of obtaining weighted norm inequalities for the Hilbert transform, as we shall see.
We where 27(0) = 27Q Q(0), which is valid for all ß in some neighborhood of the origin in BMO. In order to prove an estimate of this form, we need the following lemma.
Lemma 4.1. Suppose w e A2. Then there exist constants ôx , C > 0, depending only upon w, such that for all ß G BMO with \\ß\\m < ôx , e2ßw is also in A2 with an A2 constant less than or equal to C. Proof. We make use of Muckenhoupt's work in [9] . First of all, we note that, for fGLyS(0), We shall begin by considering the operator T2 'n in some detail. Note first that, for « e N and x ,y e [-1,1], we have We shall restrict our attention to n > 2 (for « = 0,1 we need only consider operators of the form T\ ,ön ; T2 '* and Si 'Sn need not be considered).
For where H denotes the Hilbert transform. Now it is easily seen that w2 is an A2 weight; by Lemma 4.1 there exist constants Sx , C > 0 depending only upon w such that if ß G BMO with \\ß\\t < ôx then (cow)2 is also in A2 with an A2 constant depending only upon w . Consequently, for ||/5||" < ¿, ,
where C is a constant depending only upon w (see [7] ). From (4.36) and (4.37) it follows that \\T2'n ||^(0) is bounded by a constant independent of « and ß. The analysis of S^ 'n (for « > 2 ) is similar. It can be seen without difficulty that Let dp be a nonnegative measure on [-1,1] which is absolutely continuous with respect to Lebesgue measure; for example, dp may be Lebesgue measure weighted by a Jacobi weight. Following the notation of §2, for « e N, let Hn(0) denote the set of polynomials of degree at most « , considered as a subspace of L(0) = L2([-l, 1] ,dp). Let co be a fixed nonnegative real-valued function such that co2 + co~2 e L*([-l ,l]),dp); write ß = logw e L'([-l ,l],dp). For each t in a neighborhood of 0 in R, we consider the Gram-Schmidt procedure in the space L(tß) = L2([-l , 1] ,co2'dp). Specifically, we let (pn t(x):n e N) denote the orthogonal polynomial system on L(tß) obtained by applying the Gram-Schmidt procedure to ( 1 , x , x ,...).
For t ^ 0, it is easily seen that (pn t) arises also by applying Gram-Schmidt to (pn 0) ; and, in fact, where we let p_x t(x) = 0 = A_x(t), and, for « e N, An(t) = £ x(Mw,pn ,)(x)(Mw,pn+x J)(x)dp(x),
The Gram-Schmidt process can be done so that An(t) > 0 for all « e N. It is easy to see that, for « e N and t G R, \An(t)\, \Bn(t)\ < 1. We note for future reference that, by (5. The mapping Lt:L(tß) -> L(tß) given by Ltf(x) = xf(x) induces a bounded linear transformation on / given by the matrix
is an infinite, symmetric, tridiagonal matrix with strictly positive offdiagonal elements, i.e., a Jacobi matrix. The mapping t >-> J(t) defines a flow on the space of Jacobi matrices, which is a generalized infinite-dimensional Toda flow of the type studied by Deift, Li, and Tomei in [4] , especially §5. Deift et. al. have asked for a characterization of those functions co for which the flow J is analytic in a neighborhood of 0 in R. As an application of our earlier work, we can now give a partial answer to their question. We remark that the analyticity of the flow J is essentially equivalent to the analyticity of It the Gram-Schmidt process relative to measures of the form co dp on [-1 ,1]. We state our question about the analyticity of J precisely, as follows. We would like to know: under what conditions on co is it possible to extend / to a neighborhood U of 0 in C, in such a way as to insure that the extension J is a holomorphic map from U to the space 27(I+) of bounded linear operators on /2 ? By virtue of (5.10), we see that it suffices to obtain conditions on co which will insure that there is a neighborhood U of 0 in C to which, for each « e N, the functions An and Bn can be holomorphically extended to functions of modulus < 1.
The extension of An and Bn to complex values is easily effected by defining, for z G C,
the extension is meaningful whenever the extension of (Qn) to complex-valued functions is meaningful. Since the L(0)-norm of (5.11) is 1, it follows from (5.3) and (5.4) with z in place of t that \An(z)\, \Bn(z)\ < 1.
In fact, it suffices to obtain conditions on co which will guarantee the existence of a neighborhood U of 0 in C such that the mapping z >-> Mm,pn z is a holomorphic map from U to L(0) for each « e N. In the remainder of this section, we will do this in the special case in which dp is Lebesgue measure weighted by a Jacobi weight co ¿ , where y ,S > -\ .
We shall make use of the notation established in §4. For any such choice of s, let r be the conjugate exponent to s. By Lemma 4.1, there exists a neighborhood U0 of 0 in C such that, for all z e U0 ,
is an A2 weight, hence integrable on [-1 ,1] ; in fact, using the characterization of A2 given in the proof of Lemma 4.1, it follows that for z e U0,
is bounded above by a constant independent of z . Thus there is a constant K such that for all z e U0 , and for all « e N, we obtain (5.14). In §4, we showed that, for y , 8 > -\ , the family (Py ' ) of conjugated partial sum operators for Jacobi series is uniformly holomorphic in a neighborhood of 0 in BMO. We conjecture that, in fact, BMO is the space of uniform holomorphy at 0 for (Py ' ). Owing in part to the complicated form which the kernel of Py' takes, this conjecture will be somewhat more difficult to establish than the analogous results for the partial sums of Fourier series which we obtained in §3.
There are a number of classical results on the equiconvergence of Jacobi series with cosine series (for example, [10, Theorem 9.1.2]), which lead us to consider, as a preliminary step, the problem of determining the space of uniform holomorphy at 0 for the conjugated partial sums of cosine series. In this section, we shall show that BMO([0 ,n])-i.e., the space of even functions of bounded mean oscillation on T-is the space of uniform holomorphy at 0 for conjugated partial sums of cosine series.
We will use the notation established in §3, with some additions and modifications. Let Z(0) = L2([0 ,n] ,dd) and let co be a nonnegative weight function on [0,7i] such that co,co~x G L(0); write ß = logw. For each « e N, let Hn(0) be the span of (1 , cos0 , cos20 , ... , cos«0) in L(0). We define L(ß) = L2([0,n],co2(6)dd) and let Hn(ß) denote the closure of Hn(0) in L(ß). We let Sn(ß) be the self-adjoint projection of L(ß) onto Hn(ß), and then define To prove that BMO^ is actually the space of uniform holomorphy at 0 for (Pn) and (Qn), it suffices by Corollary 2.2.2 to show that ß e BMOf is a necessary and sufficient condition for boundedness of the set {||[A/" ,<S_(0)]|| ~ : « e N}. To gain some intuition for this problem, we first consider a somewhat simpler problem involving "partial sums" of Fourier transforms on R.
For / e L (R), we define the Fourier transform and its inverse according to the normalization (6 .7) M) = f e~ixif(x)dx , f(x) = ~\ eixiM)di. Since y/0 and |/| are small, (6.61) continues to hold for yt G I, and hence (6.62) holds as well. Moreover, (6.61) holds for w0 ,p0 in place of w ,p. As in (6.33), we obtain (6-73) ^<V<5-f, Wei. and, as in Case (ii), we obtain (6.72) with wn in place of w and pM in place of p.
Geometrically, / is a "mirror image" across y/ = n/2 of an interval of the type considered in Case (ii). Consequently, we obtain estimates of the form is an orthogonal polynomial system on [-1,1] relative to (1 -x ) (cf.
[10], § §1.12 and 2.4). In particular, we see that 
